The present work proposes for the first time a mathematical model for describing the rheological behavior of heavy and extra-heavy crude oils in the presence of nanoparticles. This model results from the combination of two existing mathematical models. The first one applies to the rheology of pseudoplastic substances, i.e., the Herschel-Bulkley model. The second one was previously developed by our research group to model the rheology of suspensions, namely the modified Pal and Rhodes model. The proposed model is applied to heavy and extra heavy crude oils in the presence of nanoparticles, considering the effects of nanoparticles concentration and surface chemical nature, temperature, and crude oil type. All the experimental data evaluated exhibited compelling goodness of fitting, and the physical parameters in the model follow correlate well with variations in viscosity. The new model is dependent of share rate and opens new possibilities for phenomenologically understanding viscosity reduction in heavy crude by adding solid nanoparticles and favoring the scale-up in enhanced oil recovery (EOR) and/or improved oil recovery (IOR) process.
Introduction
Rheology as a science is the study of the deformation of the matter when subjected to stress. This science has been applied commonly in the oil and gas industry for describing the flow behavior of reservoirs fluids (brine and crude oils) as well as of various fluids used in improved oil recovery (IOR) and enhanced oil recovery (EOR) processes such as polymer flooding, surfactant flooding, drilling fluids, fracturing fluids, and cements, among others. Fluids rheology regulates their flow behavior, which is a basic prerequisite for understanding mass transport process in reservoirs and at the surface [1, 2] . Consequently, knowing the rheological behavior is of primary importance in the design of field tests for IOR and EOR operations [3] , production management, and lifting costs, development of new fluids, reservoir or pipeline pumping. Specifically, in IOR and EOR applications, the viscosity of heavy, and extra-heavy oils may vary drastically depending on the distance from the sand-face, i.e., depending on the shear rate. Therefore, the mathematical modeling of the different physical processes plays a determining role in the understanding of the transport phenomena, particularly in porous media, and hence the possibility of an accurate scale-up of field trials.
Multiple models previously developed served as a starting point to understand rheological behavior of Newtonian or non-Newtonian fluids in the absence of nanoparticles [4] [5] [6] , including Newton's model [7] , Ostwald De-Waele model [6] , Cross's model [8] , the Carreau model [9] , and the Herschel-Bulkley model [10] , among others. However, it is worth mentioning that the Herschel-Bulkley model [10] fits well with the rheological data of heavy oil samples, and its parameters allow one to understand the behavior of the system [11] .
It is a well-known fact that the addition of solid particles to fluids, other than heavy and extra heavy crudes, leads to increased viscosity [12] [13] [14] [15] [16] . This can be explained by Einstein's theory on hydrodynamic viscosity [12] , which suggests that an increase in fluid viscosity should occur upon addition of solid particles that is directly proportional to the volume fraction of solids added. However, this widely accepted model does not fit adequately many fluids assessed, and for that reason several researchers have proposed modified mathematical models derived from Einstein's equation [12, 17] such as Mooney [15] , Eilers [18] , Roscoe [19] , Chong and Christiansen [20] , Maron and Pierce [21] , and, Krieger and Dougherty [22] . These models often represent a better approximation to the viscosity response of different types of suspensions than Einstein's equation [23, 24] . For applications in crude oils, some authors have studied the addition of asphaltenes in an attempt to understand the viscosity behavior of heavy and extra heavy oil, which has been shown to increase drastically as the asphaltene fraction increases. Other authors have experimentally studied and modeled the rheological behavior of emulsions W/O [25] [26] [27] [28] [29] [30] .
It has previously been shown that the presence of SiO 2 nanoparticles has the ability to lower the viscosity of heavy crude [11, [31] [32] [33] . Said viscosity reduction is produced due to the interaction between the nanoparticles and the heavy hydrocarbons present in the crude oil (asphaltenes and resins). These particles, at a determined concentration according to the characteristics of the crude oil, have the capacity to produce proven structural changes in yield stress and viscosity changes. By means of steady-state rheology measurements of light crudes and de-asphalted oil in the presence of nanoparticles, viscosity increases were obtained [31, 33] . This result suggests that viscosity reduction is produced precisely by the interaction with asphaltenes.
In subsequent works [31] , dynamic rheology measurements are presented using oscillatory tests of heavy crude mixed with nanoparticles; the results confirm the hypothesis that nanoparticles alter the internal structure of crude oil distributing the viscoelastic network formed by asphaltenes and resins in a different way.
Likewise, the first mathematical approximation to understanding the phenomenon was developed through the mathematical modification of the viscosity model in suspensions previously proposed by Pal and Rhodes [33] . They proposed a non-Newtonian shear model based on Einstein´s theory, which has been applied to explain the behavior of the viscosity of several crude oils and de-asphalted oils (DAO) varying their content of asphaltenes by their addition. This model has been successfully applied to describe the viscosity response of crude oils (heavy, extra heavy, and de-asphalted oil) to the addition of asphaltenes at different temperatures (293-333 K). The authors consider asphaltenes as semisolid particles, and for this reason one expects the viscosity to increase the higher the asphaltene content [24, [34] [35] [36] . Similarly, multiple authors have modeled the viscosity of heavy crude as a function of asphaltene content with conventional models derived from Einstein's equation [24, 26, 29, 30, 37] . There are models independent of the shear rate, for example, wax-oil gels, which is instead dependent on the strain [38] [39] [40] . Our previous model [33] describes well the experimental data previously obtained but is dependent on the shear rate at which the viscosity is measured. For this reason, the proposed new model mainly seeks to explain the nanoparticles-induced viscosity reduction process phenomenologically for the entire shear rate range at which the viscosity is measured.
Likewise, the first mathematical approximation to understanding the phenomenon was developed through the mathematical modification of the viscosity model in suspensions previously proposed by Pal and Rhodes [33] . They proposed a non-Newtonian shear model based on Einstein's theory, which has been applied to explain the behavior of the viscosity of several crude oils and de-asphalted oils (DAO) varying their content of asphaltenes by their addition. This model has been successfully applied to describe the viscosity response of crude oils (heavy, extra heavy, and de-asphalted oil) to the addition of asphaltenes at different temperatures (293-333 K). The authors consider asphaltenes as semisolid particles, and for this reason one expects the viscosity to increase the higher the asphaltene content [24, [34] [35] [36] . Similarly, multiple authors have modeled the viscosity of heavy crude as a function of asphaltene content with conventional models derived from Einstein's equation [24, 26, 29, 30, 37] . There are independent models of the shear rate, for example, wax-oil gels, which is instead dependent on the deformation [38] [39] [40] . However, our previous model [33] describes well the experimental data previously obtained but is dependent on the shear rate at which the viscosity is measured. For this reason, the proposed new model mainly seeks to explain the nanoparticles-induced viscosity reduction process phenomenologically for the entire shear rate range at which the viscosity is measured.
A complete mathematical approach would allow the application of the model to more complex fluids such as heavy oil and extra heavy oil. Cases of interest involve flow profiles in the presence of nanoparticles to improve the mobility conditions in porous media at reservoir as well as surface conditions. In this work, the model was validated for four types of crude oils, i.e., AK, SU, MB, and KU, including the nanoparticle concentration and temperature effects. In this way, it is possible to guarantee a complete understanding of the phenomena that occur when particles are added to heavy and extra heavy crude oils and provide a great possibility of knowing the flow profiles in commonly encountered heterogeneous porous media, which facilitates technology implementation.
Results and Discussion
The results section begins with the explanation of the proposed Herschel-Bulkley-Modified Pal and Rhodes (HB-MPR) model. Then, different effects were evaluated for validating the proposed HB-MPR model, including the effects of the nanoparticles surface chemical nature and concentration, temperature, and crude oil type. Finally, the sensitivity analysis for the parameters of the model is presented.
Proposed Model
Einstein's equation for viscosity measurements of suspensions can be expressed as follows:
where n r is the relative viscosity, β is a constant, commonly 2.5 value is used, and, φ corresponds to the volume fraction of dispersed particles. This equation presents satisfactory results in the case of highly diluted suspensions and where the interactions between the solids and the fluid are neglected [41] . For this reason, this equation did not accurately model the rheological behavior of heavy crudes with high asphaltene contents. Recently, Pal and Rhodes [24] proposed a non-Newtonian shear model based on Einstein's theory, which has been applied to explain the behavior of the viscosity of several crude oils and de-asphalted oils (DAO) varying their content of asphaltenes by the addition. The model is as follows:
K 0 is the solvation constant, which relates to the immobilization of the continuous phase on the dispersed particles surface, so for spherical particles, the form factor is 2.5. As can be seen in Equation (2), the value of viscosity increases when the volume fraction of dispersed particles is large. This study relied on adding asphaltenes to crude oils and de-asphalted oils. Luo and Gu [37] developed a generalized model based on the Pal & Rhodes' model [23, 42] :
where V refers to the "shape factor" [37, 42] . This model has been successfully applied to describe the viscosity response of crude oils (heavy, extra heavy, and de-asphalted oil) to the addition of asphaltenes at different temperatures (293-333 K). The authors consider asphaltenes as semisolid particles, and for this reason, one expects the viscosity to increase the higher the asphaltene content [24, [34] [35] [36] . Similarly, multiple authors have modeled the viscosity of heavy crude as a function of asphaltene content with conventional models derived from Einstein's equation [24, 26, 29, 30, 37] .
Based on the observed viscosity behavior of the heavy and extra heavy oils, the Pal and Rhodes model was modified [37, 42] . Our approach was validated using the experimental rheological results varying the SiO 2 nanoparticles concentration [33] . Therefore, it is possible to obtain a mathematical approach that matches what is obtained in the laboratory for a fixed shear rate (
• γ). The proposed model for a fixed shear rate value is shown in Equation (4):
In contrast to a colloidal model of asphaltenes, the fraction (f) of nano or colloidal particles leads to a reduction of drag or viscosity by direct reduction of free asphaltene in crude oil, which in principle contributes to a stiffer viscoelastic network in the fluid. The adsorption of asphaltene and its consequent reduced concentration as the result of the availability of surface area on nanoparticles prevents the formation of large drag-causing networks in the bulk of the fluid counter-acting the viscosity-inducing soft asphaltene colloids (aggregates). For completeness, it is necessary to extend this model mainly at reservoir conditions due to the pore size distribution of porous media. Considering that in well stimulation processes, it is very important to determine the viscosity of the fluids that are subjected to varying conditions of agitation and shear rates [43] , it is important to count on a mathematical expression that considers several effects such as those associated to the concentration of nanoparticles and shear rates, which allows estimating the viscosity and offer significant help in the design and control of processes. With this in mind, we seek to offer alternatives to the oil and gas industry. In this way, it is possible to extend this model to make it applicable to a whole shear-rate range by combining the conventional models for substances with pseudoplastic behavior like the Herschel-Bulkley model [10] , as follows:
The Herschel-Bulkley (H-B) model was used to describe the rheological behavior of heavy and extra heavy oil mixtures in the presence or absence of the nanoparticles as a function of the shear rate [4] [5] [6] . This response in heavy oils is similar to that of polymer solutions in which polymer chains are hydrogen-bound to form larger structures, which can be affected by the strain rate or shear. The flow behavior index n H was investigated for different mixtures and was used as a proxy for the rheological behavior of the fluid. Values of n H < 1.0 indicate that the fluid follows a pseudoplastic behavior [4] . Consistency index K H (Pa·s n ) refers to the fluid viscosity. The limiting viscosity parameters µ 0,γ (cP) and µ ∞,γ (cP) indicate the behavior of the fluid when subjected to conditions of zero and infinite stresses, respectively. The H-B model is described as follows:
where, µ is the viscosity of the fluid as a function of shear rate. Combining these models leads to the Herschel-Bulkley-Modified Pal and Rhodes model (HB-MPR) as shown in Equation (7):
The model enables a full understanding impact of nanoparticles in the viscosity of heavy and extra heavy oil when submitted to certain shear. The goodness of fit of the proposed model was evaluated through the correlation coefficient R 2 and root-mean-square error (RSME%) [44] :
where k is the number of observations and µ exp and µ calc are the observed and calculated values of viscosity, respectively. Also, to evaluate the robustness of the proposed model, existing data of rheology of heavy and extra heavy crude oils in the presence of nanoparticles was taken from specialized literature [31] [32] [33] . Hence, from previous works crude oil samples SU and AK were analyzed, corresponding to a heavy and an extra heavy oil, respectively.
Nanoparticle Concentration Effect
Figure 1a-c shows the experimental rheological measurement of (a) MB and (b) KU crude oils in the presence of SiO 2 nanoparticles at concentrations of 0, 500, and 1000 mg/L, and a temperature of 298 K. Also, Figure 1c shows the literature data for SU heavy oil together with the proposed model fitting. Results show that by increasing the concentration of nanoparticles in the medium, the viscosity of the sample decreases. Also, it is observed from Figure 1 that the HB-MPR fits the experimental data reasonably well. Table 1 shows the parameters of the HB-MPR model for each crude oil evaluated at different concentrations of SiO 2 nanoparticles and different temperatures corresponding to both experimental datasets. Statistical parameters of the goodness of fitting are also presented to evaluate the reliability of the model. According to the RSME% values < 10, it can be concluded that the HB-MPR model describes the experimental data of rheology excellently. Figure 2 shows the experimental rheological measurement of MB crude oil in the presence of SiO 2 nanoparticles at concentrations of 1000 mg/L, and at temperature values of 298, 313, and 323 K. It is observed from Figure 2 that the proposed model fits the experimental data well and that by increasing the temperature of the system, the viscosity tends to decrease. The parameters of the HB-MPR model obtained for different temperatures are presented in Table 1 .
Temperature Effect
For the crude oil evaluated, a considerable decrease in viscosity occurs by modifying the operating temperature. In this way, the parameters µ ∞,γ , K H , n H , and K 0 follow a trend similar to that presented in effect of the concentration of nanoparticles. For example, µ ∞,γ follows a consistent trend according to the increase in temperature. As temperature increases, this value decreases and is consistent due to the decrease in viscosity. K H has the same behavior. The parameter n H increases as the temperature increases, showing a close behavior to Newtonian fluids. The parameter K 0 also increases as the temperature of the system increases, favoring the solvation. Parameter V shows a clear tendency to decrease with the increase in the temperature and is possibly due to a change in the geometric form decreasing the size of the particle after contacting the asphaltene in the crude oil. Figure 3 shows the experimental rheological measurement of MB, SU, KU, heavy oils, and AK extra heavy oil in the presence of SiO 2 nanoparticles at concentrations of 1000 mg/L, and for a fixed temperature of 298 K. The HB-MPR fits perfectly with the experimental data obtained. The parameters of the HB-MPR model are presented in Table 1 . The parameter related to the flow index for the extra heavy oil has a value very far from the unit, and it can be explained by the high content of asphaltenes, creating a viscoelastic network with strong pseudoplastic tendency very far from a Newtonian behavior [45] . The difference between the values of different crude oils can be explained by the nature of the crude oil, the value of the µ ∞,γ parameter is much higher for an extra heavy crude (AK) than for a heavy oil (MB, SU, or KU). Figure 4 shows the literature rheological data measurement of SU heavy crude oil [33] in the presence of SiO 2 nanoparticles with acid, neutral and basic surface at concentrations of 1000 mg/L and 298 K, together with the proposed model fitting. Also, the corresponding parameters of the HB-MPR model are presented in Table 1 . It can be seen how the HB-MPR model fits the experimental data reported. The model can be extended and applied not only to various types of crude oil but different kinds of nanoparticles. A clear trend of the parameters is observed according to the change in the viscosity of the mixtures. The parameter µ ∞,γ refers to a value of viscosity measured at an infinite shear rate, and as can be seen in Table 1 , this value changes according to how the viscosity of each sample changes. A logical trend is observed according to the increase in the concentration of nanoparticles. As particle concentration increases, this value decreases and is consistent due to the decrease in viscosity.
Effect of Chemical Nature of the Crude Oil

Effect of the Surface Chemistry of Nanoparticles
The behavior of the parameter K H follows trends similar to the one exhibited by parameter µ ∞,γ , i.e., its numerical value decreases as the concentration of nanoparticles increases. This parameter refers to the index of consistency of the fluid, and for this reason, it can be interpreted as a decrease in the consistency and the internal resistance of the fluid to flow [10] . Hence, when its viscosity decreases, the numerical value of its consistency also decreases.
The parameter n H is known as the flow index of the fluid, when its value is 1, the fluid can be considered Newtonian, when it is less than 1, it is considered non-Newtonian type pseudoplastic, and the further away from 1, it is less Newtonian. Note that this value is always less than 1 in all fluids evaluated. However, it can be seen how this value approaches the unit as the nanoparticle content increases. The results of this parameter are consistent with expected, as viscosity decreases, this class of fluids tend to become Newtonian behavioral fluids [10] .
The parameter K 0 , also known as the solvation constant, can be related to the immobilization of the continuous phase on the dispersed particles surface. As the nanoparticle concentration increases, the increase in the numerical value of this parameter can be explained by the increase in the immobilization of the continuous phase in the vicinity of the surface of the nanoparticles. This immobilization is greater because there are more solid particles, thus, a larger contact surface.
Parameter V relates to the shape of the dispersed particles. By increasing the concentration of particles, there may be aggregation phenomena between them or interacting with the asphaltenes by changing the geometric shape of the particles. For this reason, as the concentration of nanoparticles increases, the numerical value of this parameter increases, suggesting a possible growth in the geometric shape of nanoparticles after contact with asphaltene. The interesting thing about the evaluation of the parameter is that there is again a clear tendency to increase with the increase of nanoparticles of the system.
Sensitivity Analysis for Parameters.
A sensitivity analysis to the mathematical model is presented in this section. The objective of the sensitivity analysis is to determine the effects of each parameter on the behavior of the response variable, in this case, the viscosity of the suspension of heavy crude with nanoparticles. Figure 5 shows the sensitivity analysis modifying up to 20% the value of each parameter.
The analysis was performed for crude SU in the presence of nanoparticles with a concentration of 1000 mg/L of SiO 2 at 298 K. According to the sensitivity analysis performed, it is possible to determine which parameter has more effect on the viscosity according to the proposed model. The color lines represent the change in 10 and 20% positively and negatively of each of the parameters.
From Figure 5 , the sensitivity of each parameter participating in the proposed model can be observed. Clearly, the model is less sensitive to changes in the parameter that is related to the viscosity measured at an infinite shear rate. The other parameters belonging to the model have more incidence on the viscosity calculated from the model. It can be considered that the parameters K H , K 0 , n H , and V have a similar impact on the behavior of the model. 
Materials and Methods
Materials and Chemical
Two heavy crude oils were used as heavy oils matrices. The properties of the selected oils are presented in Table 2 . Commercial nanoparticles of silica gel (SiO 2 ) were used in this study, as provided by the supplier. The SiO 2 nanoparticles of 8 nm and 389 mg/m 2 [32] were obtained from Sigma-Aldrich (St. Louis, MO, USA). 
Evaluation of Nanoparticles as Viscosity Reducers
An ARES rotational rheometer (TA Instruments, New Castle, PA, USA) was used to perform the rheological characterization of the crude oil in the presence and absence of nanoparticles. The equipment has a Peltier cell to control the temperature of the system. The values selected to perform the measurements were 298, 313, and 323 K, with shear rates between 1-150 s −1 . The selected geometry is of 50 mm parallel plates at a gap of 300 µm. The mixtures of crude and nanoparticles were carried out in a mixer model HP130915Q from Thermo Scientific (Waltham, MA, USA), at 500 rpm for 30 min at room temperature. Each measurement was made in triplicate to obtain statistically acceptable results.
The SiO 2 sample was selected to evaluate the effect of concentration on the rheological properties of the heavy oil matrix. In previous works [46] [47] [48] [49] , it was demonstrated that SiO 2 nanoparticles had a great affinity for the asphaltenes and heavy compounds in oil, reducing the asphaltenes aggregates size present in the heavy oil matrix. For this reason, the addition of these particles should positively affect oil rheological properties, mainly by reducing the oil viscosity. The concentrations tested were 500 and 1000 mg/L.
Conclusions
In this communication, the first mathematical approach to calculating the viscosity as a function of the concentration of nanoparticles is presented and expressed as a function of volume fraction and share rate based on a combination of the modified Pal and Rhodes model for suspensions viscosity and the steady-state rheological model of Herschel-Buckley. The model fits the experimental data well for volume fractions between 0 and 3.7 × 10 −6 . The model was validated using experimental data obtained by rheological measurements of steady state at various concentrations of nanoparticles and different temperatures and also using data from the literature of works previously published by our research group. All parameters evaluated are explained and follow an established trend as the nanoparticle concentration and temperature change. The numerical values of all parameters are consistent according to the decrease in viscosity obtained by increasing both the temperature and the concentration of nanoparticles. Using a sensitivity analysis, it was determined that the model is very sensitive to the parameters n H and K H . These parameters present the highest effect on the viscosity.
The results of this research serve to increase the understanding of the reduction of viscosity phenomenologically and open a new panorama to modeling the phenomena that involve the use of nanotechnology in the oil and gas industry.
